The ability to pump quantised amounts of charge is one of the hallmarks of topological materials. An archetypical example is Laughlin's gauge argument for transporting an integer number of electrons between the edges of a quantum Hall cylinder upon insertion of a magnetic flux quantum. This is mathematically equivalent to the equally famous suggestion of Thouless' that an integer number of electrons are pumped between two ends of a one-dimensional quantum wire upon sliding a charge-density wave over a single wave length. We use the correspondence between these descriptions to visualise the detailed dynamics of the electron flow during a single pumping cycle, which is difficult to do directly in the quantum Hall setup, because of the gauge freedom inherent to its description. We find a close correspondence between topological edge states and the mobility edges in charge-density wave, quantum Hall, and other topological systems. We illustrate this connection by describing an alternative, non-adiabatic mode of topological transport that displaces precisely the opposite amount of charge as compared to the adiabatic pump. We discuss possible experimental realisations in the context of ultra-cold atoms and photonic waveguide experiments.
INTRODUCTION
The experimental discovery of the integer quantum Hall effect (IQHE) in GaAs [1] revealed the first example of a two-dimensional (2D) material that has an insulating bulk, but metallic edge states. The IQHE state is now understood to be part of a much larger class of topological insulators [2] [3] [4] [5] [6] [7] [8] [9] , which can be labelled by topological invariants such as the Chern number or spin-Chern number [10] . Although these indices determine the number and types of states localised on the edges of a finite sample, they may be computed entirely from bulk quantities, and depend on the symmetries of the bulk Hamiltonians. Different topological classes emerge depending on whether time-reversal, particle-hole and chiral symmetries are present or not [11, 12] , and may be further refined using lattice symmetries [13] [14] [15] [16] [17] .
A correspondence between the bulk topological invariants and the dynamics of edge states in the IQHE has been put forward by Laughlin [10, [18] [19] [20] [21] . It shows that adiabatically threading a single Aharonov-Bohm flux quantum φ 0 = h/e through the interior of an IQHE cylinder [18, 19] , results in a quantized number of electrons moving from one edge of the cylinder to the opposite. The amount of charge transported is given precisely by the bulk Chern number, defined as an integral over the 2D Brillouin zone [22] . The resulting cyclic charge transfer may be regarded as a dynamical manifestation of the IQHE [23] , and has been observed in a Corbino geometry [24, 25] . More generally, it is an example of the type of quantized adiabatic particle transport, or topological charge pumping, first proposed by Thouless [10, 22, 26, 27] . Experimentally, topological pumps have been realized in cold-atom [28, 29] and single-spin [30] systems, and attracted attention in both the adiabatic [31, 32] and non-adiabatic [33, 34] regimes.
Despite its status as an archetype of topological transport, the detailed dynamics of exactly how electrons are transferred between edges as a quantum of flux is threaded through Laughlin's IQHE cylinder remains difficult to visualize. The straightforward plotting of electronic wave functions for arbitrary flux values throughout the pumping cycle is hampered by the need to choose a gauge. In this paper, we circumvent this problem by using a well-known family of one-dimensional (1D) chargeordered systems that can be mathematically mapped onto the 2D IQHE setup [35] . This allows us to directly visualize the topological transport as electrons flow from one edge of the system to the other, and thus clarify the nature of the transport in both the charge-ordered and IQHE systems.
The rendering of edge state dynamics additionally reveals the in-gap states to be connected to the so-called mobility edge, which is the critical state separating extended from localized states in the bulk of a disordered system [36, 37] . In the case of quantum Hall systems, the bulk extended states are known to be constricted to just a single energy in the centre of each (impurity-broadened) Landau level, as long as inter-Landau level scattering is negligible [36, 38] . Both edge states and the mobility edge are topological in nature [39] , which we confirm by arXiv:1811.06222v1 [cond-mat.str-el] 15 Nov 2018 Figure 1 . Schematic depictions of the quantum Hall cylinder used in Laughlin's gauge argument (A), and the mean-field charge-density wave (CDW) used as a Thouless pump (B). Both systems are described by Harper's equation, where the xcoordinate is a spatial direction in both cases. The perpendicular magnetic field B in the cylinder plays the same role as the band filling n or, equivalently, propagation vector Q in the CDW. The phase of the charge-density modulation finally, can be mapped to a gauge-independent combination of the y-component of momentum and the magnetic flux Φ piercing the quantum hall cylinder. C The spectrum of the two systems is the same, including the presence of localised, in-gap modes at the edges of the x-direction. Notice that for the CDW, each value of φ represents a separate 1D system, while for the 2D quantum Hall cylinder φ corresponds to the y-component of momentum and states for all values of ky are simultaneously occupied.
considering their common insensitivity to the presence of weak impurities. Together, the edge states and the mobility edges make up a single set of connected states winding around the electronic spectrum. We illustrate this connection of all the topological states by suggesting an alternative form of topological charge transport, based on a non-adiabatic variation of externally applied fields. The non-adiabatic charge pump transfers precisely the opposite amount of charge from its traditional adiabatic counterpart, and thus acts as an "anti-Thouless" pump. We suggest a possible experimental realisation in cold atomic gasses in an optical lattice.
MAPPING BETWEEN 1D AND 2D
Harper's equation, and more generally, a Mathieu equation [40] [41] [42] , can be interpreted both as a tightbinding model for the IQHE in 2D, and as a family of mean-field descriptions for monatomic commensurate charge-density waves (CDW) in 1D [35, 43] . The filling of the charge-ordered system, and hence its CDW periodicity, for example, can be taken to correspond to the magnetic field strength perpendicular to the surface of a quantum Hall cylinder, which determines the filling of its Landau levels [35, 42] . Under the same mapping, the phase φ of the CDW order parameter then corresponds to a flux threading the quantum Hall cylinder [18] , while the spatial coordinate along the CDW chain is directly related to the spatial coordinate in the periodic direction of the 2D cylinder. The mapping is indicated schematically in figure 1.
Upon varying the parameter φ adiabatically from 0 to 2π, the CDW slides along the 1D chain over precisely one wave length. The flux threading the IQHE system is increased by one quantum under the same variation. When introducing edges, we thus expect to find adiabatic transport of a quantised number of electrons from one side of the system to the other in both cases. In this way, the mapping relates the quantized adiabatic particle transport (Thouless pumping [22] ) in charge-ordered systems to the topological transport between edge states upon insertion of a flux quantum in a quantum Hall cylinder (Laughlin's gauge argument [18] ).
The bulk of both the CDW and IQHE systems is insulating, and only the edge states cross the Fermi level. By solving Harper's equation on a cylinder, the spectrum can be plotted as a function of momentum in the periodic direction. It consists of bulk bands and isolated topological edge states crossing the gaps between them. The edge states are protected, in the sense that the number of edge channels cannot be modified, as long as the bulk of the system remains gapped [18] . In a CDW system the periodic direction is given by the mean-field value of the phase variable φ, as shown in figure 1. Each value of the phase then corresponds to a single realisation of a CDW on the chain, which may or may not host edge states. The combined spectrum of the family of CDWs containing all values of φ coincides with that of the IQHE cylinder.
To be concrete, consider a CDW on a finite chain of N sites described by the Hamiltonian:
(1)
Here, t > 0 is the tunneling amplitude, V is the strength of the nearest-neighbor Coulomb interaction between electrons, and ζ j is a random potential that describes the effect of impurities. The operator c † j (c j ) creates (annihilates) a spinless electron at position x = ja, where a is the lattice constant. The filling factor n is a common fraction, so that N n is the total number of electrons in the system. As usual, we assume the system to be charge neutral in total, and ignore any ionic charges.
Using the mean-field Ansatz c † j+1 c j+1 + c † j−1 c j−1 ≈ 2 c † j c j = A cos(Qja + φ) for the particle density, the interaction term becomes j V A cos(Qja + φ)c † j c j [35] . This Ansatz defines the propagation vector Q = 2πn/a of the charge-density modulations, as well as the phase φ, which determines the position of the CDW with respect to the lattice. Substituting the interaction back into equation (1) yields the full mean-field Hamiltonian for the 1D CDW chain. For periodic boundary conditions and ζ j = 0, this form of the Hamiltonian will coincide with Hofstadter's tight-binding description of the IQHE [42] , if we make the identifications k → k x , Q → eB/( c), and φ → k y a. Here, k is the momentum in the CDW, and k x,y are the x, y-components of momentum in the IQHE. The radial magnetic field B in the IQHE cylinder determines the filling of its Landau levels. Under this mapping, adding flux along the central axis of the IQHE cylinder corresponds to changing the value of the phase φ in the CDW [18] , and thus to sliding the charge-density wave along the chain.
The Hamiltonian itself may be realised as a meanfield description of charge order in 1D chains of aligned orbitals within a three-dimensional material [44] , or as an effective description of cold atoms in an optical lattice [35, 45] . Here, we focus first on the topological properties of the theoretical mean-field model, before discussing possible experimental probes of the various emerging modes of topological transport in more realistic settings.
VISUALISING CHARGE TRANSFER BETWEEN EDGE STATES
In Laughlin's argument for quantised transport across the IQHE cylinder [18] , the electromagnetic gauge structure plays a central role. Although helpful in establishing why the charge transferred between the ends of the cylinder must be integer, the presence of gauge freedom makes Figure 2 . The squared amplitude of the highest occupied wave function at 1/3 filling, as a function of phase φ and position j along the CDW chain. The bulk state between φ ≈ π/3 and φ ≈ π can be recognised as a particle in a box eigenfunction with additional CDW modulations. It undergoes an avoided crossing at φ ≈ π and becomes a left edge state for values of φ up to 5π/3, where it changes abruptly into a right edge state until coming back to φ ≈ π/3. If opposing edges of the chain are connected, the abrupt tunneling from left to right will turn into an avoided crossing of its own, whose adiabatic traversal may correspond for example to the physical process of charge being transferred from one edge to another through an intermediary wire.
it hard to directly visualize the precise dynamics. We know and understand what happens upon insertion of a single flux quantum, but questions like at which value of the flux one edge state becomes unoccupied, and the opposite one occupied, or what the wave function looks like after insertion of only half a flux quantum, are difficult to answer in a gauge-independent fashion. For the CDW system, this problem does not exist. The process corresponding to a flux insertion is the sliding of the CDW by precisely one wave length, and this results in a precisely quantised amount of charge being transferred from one end of the chain to the other (Thouless pumping [22] ). The quantised conductivity is determined by the sum of Chern numbers for all occupied bands (in k, φ-space), as in the IQHE. However, in this case we can plot the charge distribution for both bulk and edge states for any value of φ, and hence visualize the topological transport as a continuous process.
As shown in figure 1 , the spectrum and eigenstates can be computed for a specific choice of parameter values, including any value for the phase φ. As an example, we show the results for a period-3 CDW with n = 1/3, N = 63, and AV /t = 5. We use this specific example throughout the paper, but note that taking other If the two edges are connected they undergo an avoided crossing, which can be either adiabatically traversed by tuning φ very slowly, or non-adiabatically, by increasing φ more rapidly in the region of the avoided crossing. As the edge state enters the bulk band, it necessarily undergoes a series of avoided crossings, which ultimately connect the edge state to the mobility edge. C Intensity plot of selected wave function amplitudes |ψj(φ)| 2 , for different values of the phase φ. In all plots, dark blue and white indicate low and high amplitudes respectively. The leftmost plot shows the state which in panel B starts out as a right edge state (blue line) for low φ, then becomes a left edge state (red line), and after the avoided crossing at φ π becomes a bulk state (grey line). The orange line indicates that separate color scales were used for the edge and bulk states. The other two panels show the states that start out at low φ as the topmost state in the lower bulk band and the one below it. The avoided crossings at φ π can be identified by the changing number of nodes in the wave function.
parameter choices does not qualitatively affect any of our results. Among the numerically obtained wave functions, bulk and edge states can be easily distinguished. The bulk wave functions for a CDW with open boundary conditions can be understood as products of plane waves (solutions of a CDW system with periodic boundary conditions), and the eigenstates of a particle in a box. The edge states, on the other hand, are exponentially localized on one side of the chain.
Upon varying φ, the highest occupied state changes from an edge state localized on one side to that on the opposite side. In the example of 1/3 filling shown in figure 2 , the highest state with E < 0 at φ = 0 is an edge state localised at the right side of the chain (j = 63). In the region π/3 φ π, the edge state is adiabatically transformed into a bulk state, until it emerges again as an edge state on the opposite side of the system. At φ 5π/3, the highest occupied state discontinuously changes from being localised on the left side of the chain (j = 1), to being localised on the right. From the spectrum, it is clear that this behaviour stems from the two edge states crossing in energy at this point.
Notice that the states displayed in figure 2 are the highest occupied states at zero temperature for a given value of the phase variable φ. Starting from a phase value φ < 5π/3 and adiabatically sliding the CDW forward, the system will in fact not stay in the instantaneous ground state. The two edge states crossing within the bulk gap are located at opposite edges of the chain in real space, and any matrix element of local operators that could assist in tunnelling across is exponentially small in the chain length. A state on one end of the system can therefore not simply jump to the other end in the way suggested by figure 2. For a sufficiently long CDW, adiabatic variation of φ causes the system to end up in an excited state at φ = 2π, with a high-energy edge state occupied and a lower-energy edge state empty. The system can only return to its instantaneous ground state, and the topological material can only function as an adiabatic charge pump, if the two edges of the CDW chain are connected to one another through some external coupling. In fact, in any experimental implementation of a topological quantum pump, one would indeed include a wire connecting the two sides of the system, and typically measure the current through the wire as the phase is being varied. Such a connection can be easily included in the simulation as a weak hopping element between the opposing sides of the chain. It allows the two edge states to interact, and turns their intersection in the spectrum into an avoided crossing by opening up a small energy gap. Adiabatic evolution, which retains the instantaneous ground state throughout a pumping cycle, is once again possible. Varying φ from 0 to 2π then results in the transfer of precisely one (the Chern number of the lowest band in k x , φ-space [35] ) electron from one side of the system to the other, through the connecting wire, and thus realises the Thouless pump, or in the IQHE interpretation of the same system, Laughlin's gauge argument.
THE CONNECTION OF EDGE STATES TO THE MOBILITY EDGE
Inspecting the bulk wave functions in the spectrum of figure 1, two features stand out. First of all, as the edge state enters the bulk band, it does not simply disappear. Tracking for example the highest occupied state in figure 1 , it is clear that the state, which was an edge state at φ < π/3, becomes a bulk state at π/3 φ π. The bulk state is the particle in a box state with the highest available number of nodes, dressed with charge-density modulations. A state with the same number of nodes in fact already existed for φ < π/3, as part of the occupied bulk states. The edge state therefore does not evolve into a new bulk state as φ is adiabatically changed, but rather has an avoided crossing with an existing bulk state and takes over its character. The existing bulk state takes over the character of the edge state and is pushed down in energy in the process. It then has an avoided crossing with the next bulk state, and so on. This pattern is shown schematically in figure 3 .
Close inspection of the wave functions in the spectrum indeed shows a cascade of avoided crossings, witnessed by a remainder of an exponential localisation that is visible in bulk states undergoing the avoided crossings. These continue until the edge state reaches precisely the middle of the bulk band. There, it emerges again for an extended range of φ, in the form of another well-known topologically special state, the mobility edge [36] . This isolated critical state was to be expected in the centre of the bulk band, because the extended bulk states generic to disordered system are known to be constricted to just a single energy precisely in the centre of each (impuritybroadened) Landau level in the case of the quantum Hall effect [38] . Just like the mobility edge was formed from a left edge state at φ π/3, it goes through a second series of avoided crossing and reemerges as a right edge state at φ π. The edge states are of the form ψ(x) ∝ e λx , with λ negative or postive for left or right localised states respectively. The mobility edge naturally connects these two states, and has the same shape of wave function, with λ = 0. This special, totally delocalised wave function is thus a plane wave connecting both sides of the sample. Within the CDW, the plane wave is again dressed by charge modulations, as shown in figure 4 . Note that for even N n, it is possible to have two orthogonal, delocalized wave functions. We consider chains with odd N n here, so that a single mobility edge connects to edge states in both bulk gaps.
The topological nature of the mobility edge only really becomes apparent upon adding a random impurity potential ζ j . Notice that in contrast to the IQHE, where the presence of weak impurities is necessary to observe the quantisation of the Hall conductivity, in the CDW system topological transport may be observed even with only the Coulomb interaction localising charges within Figure 4 . Wave functions in the presence of randomly distributed weak impurities (|ζj|/t < 0.2). The delocalised mobility edge in panel A is hardly affected by the impurities, testifying its topological character. The lowest energy state in panel B, on the other hand, becomes completely localised at the location of the strongest impurity. For both panels, the same distribution of impurities was used.
the unit cell. Nevertheless, the presence of weak impurities (modeled here with |ζ j |/t < 0.2) may be considered, and their effect is much the same as in the IQHE, localising electronic states at specific locations in the chain. The difference between the mobility edge and other bulk states is now immediately obvious. As shown in figure 4 , typical bulk states are severely affected by the impurity potential, being amplified and suppressed at random locations. The mobility edge on the other hand, retains a more or less constant amplitude along the entire length of the chain, as long as the impurity strength is weak. This clearly indicates the topological nature of the mobility edge, and hence its connection with the topological edge states.
NON-ADIABATIC QUANTISED PARTICLE TRANSPORT
The connection between edge states and mobility edge may be illustrated by considering a non-adiabatic mode of quantised transport, which exists in addition to the well-known adiabatic Thouless pump. Starting for example with the (red) left edge state just below φ 5π/3 occupied, an induced non-adiabatic evolution that jumps all avoided crossings with both bulk and edge states would result in the highest occupied state going around the full spectrum as shown schematically in figure 3 . As φ is increased by 6π, the highest occupied state has traversed all topologically special states in the entire spectrum, and returns to its initial configuration. Stopping the non-adiabatic evolution after φ is increased by 4π, however, the highest occupied state will have moved from its initial left edge state to the right edge state in the lowest bulk gap. In the presence of a wire connecting both ends of the chain, we can then either adiabatically increase φ by another 2π/3, or let the system spontaneously relax to its ground state. Both will lead to the excited state going from right to left through the wire. That is, a current is carried through the connecting wire in the direction opposite to that of the usual adiabatic topological transport. This non-adiabatic transfer of charge with the same magnitude but in the opposite direction of the usual Thouless pumping, is made possible by the edge states and mobility edges forming a connected set of states winding throughout the electronic spectrum.
Generalising the procedure to systems of any filling, the integer number of charges transferred by the nonadiabatic mode of transport will equal −C, with C the total Chern number of all occupied bands, the exact opposite of the C electrons conveyed in the usual Thouless pump. In this sense, it acts as a sort of anti-Thouless pump. Notice that hybrid protocols employing both adiabatic and non-adiabatic driving can accomplish the same thing in a much simpler fashion. In such protocols, however, the highest occupied state is in non-topological, localised bulk states for part of the pumping cycle. The purely non-adiabatic process suggested here, in which the highest occupied state jumps all avoided crossings that it encounters, is special because it depends entirely on the special nature and connectivity of the topological edge states and mobility edge states.
The non-adiabatic topological charge pump presented here is intended purely as an illustration of the connection between different types topological states. Nevertheless, non-adiabatic or hybrid protocols may in some aspects be preferable to purely adiabatic ones in practical implementations of topological pumping. As has been recently pointed out, the presence of a spectrum of unoccupied states imposes much more stringent conditions for achieving adiabaticity than just the time scale of the driving being longer than the inverse gap size [46] [47] [48] . Non-adiabatic driving across an avoided crossing on the other hand, can always be accomplished by sufficiently fast changes of the driving parameters, as long as the overlap between initial and target states is large. We confirmed that this is the case in the model CDW system by achieving an almost complete transfer of occupation across avoided crossings upon ramping up the driving speed.
To realise the proposed illustration of a non-adiabatic pumping cycle in experiments, several techniques for imaging the real-space structure of CDW systems can be used. Scanning tunneling microscopy (STM) for example, can directly observe the amplitude and phase of charge-density modulations induced by a CDW [49] [50] [51] [52] , as well as charge excess at the end of a chain [53] . More straightforward experimental realisations of quantised transport protocols, however, use ultracold atoms in an optical lattice or photons in a waveguide array. Using ultracold atoms, the mean-field Hamiltonian can be constructed by projecting a circular optical dipole lattice through a microscope objective [45, 54] . Introducing a weak link between two particular sites in the lattice allows them to act as edges, while the interaction term can be implemented by superimposing a rotating lattice with larger spacing [45] . Variations of the mean-field CDW phase φ are then implemented by shifting the phase of the rotating lattice with respect to the system edge. After a full driving cycle, the quantised build-up of charge at the edges can be directly observed using the microscope. Photons in a waveguide array are an alternative way of directly simulating the CDW Hamiltonian [53] . Variations of the mean-field CDW phase φ are then implemented by appropriate variatons of the index of refraction. The quantised transport of charge can be observed by injecting photons into the waveguide at one edge and observing the intensity distribution in the waveguides after various propagation distances. The required values for experimental parameters in both types of experiments can all be realistically obtained with existing technology.
CONCLUSIONS
We visualize adiabatic and non-adiabatic topological charge transport in a 1D charge-ordered system, which is well-known to map precisely onto the tight-binding model for the 2D IQHE in the Landau gauge used by Laughlin to explain topological transport in an IQHE cylinder. The absence of an electromagnetic field in the CDW, and hence of the need to make a gauge choice, enables us to directly compare plots of wave functions at different values of the CDW phase. The topological transport and dynamics of electrons in the CDW chain found here, thus give direct insight into the detailed motion of electronic states in the IQHE as well.
The visualisation of the topological transport brings to the fore an explicit connection between edge states localised at the ends of the chain or cylinder, and the mobility edges residing in the very centre of their bulk states. To illustrate the connection between these two types of topological states, localised and extended, we formulate a purely non-adiabatic protocol that nonetheless results in quantised, topological transport of charge. The number of electrons pumped in a single cycle is precisely equal to that of the well-known adiabatic pump, but they flow in the opposite direction, creating a sort of "anti-Thouless" pump.
We also point out experiments on ultra cold atoms in an optical lattice, as well as in photonic waveguide experiments, which can test the proposed connection between edge states and mobility edges, as well as the nonadiabatic pumping cycle, using realistic parameter values.
